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• Humans have two copies of each chromosome  
– Inherited from mother and father 



• haplotypes 
– C      A                            G                  A                                 C           C 

– G      A                            T                  T                                 A           C 
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1. Finding disease genes 



2. Imputation 
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• several million SNPs can be imputed using 500K genotypes 
• Widely used in genome-wide association studies  

Haplotype reference panel 
Genotype at  

subset of SNPs 
 

Infer phase 
 
 
 

Impute missing 
markers 



• If child is heterozygous, and 
a parent is homozygous, we 
know which allele comes 
from which parent 

 

• Can be generalized to 
pedigrees  

 



• Alleles at proximal 
SNPs are correlated 
(LD) 

– Few haplotypes are 
observed 

• This phasing is most 
reliable for short 
regions 

 



• Reads that cover multiple 
heterozygous sites have 

phase information  

 

• Haplotype assembly: 
use overlap between 

reads  to infer two 
haplotypes for an 
individual  
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A G A G - - - - - - - - - 

C T T - - - - - - - - - - 

- - A G T - - - - - - - - 

- - A - - T 

- - - G - - - - - - G G - 

- - - T C - - - - - - - - 

- - - - - T A G - - - - - 

- - - - - - A T - A T - - 

- - - - - - - G C A - - - 

- - - - - - - - - A T G - 

- - - - - - - - - - T G A 

- - - - - - - - T - - - G 

A G A G C T A G C A T G A  

C T T T T G G T T C G C G • The fragments are 
aligned to the reference 
genome 

• Heterozygous sites 
known in advance 

• Uninformative 
fragments and columns 
are removed 

• Tri-allelic SNP columns 
are removed 

 



• The fragments are 
aligned to the reference  
genome  

• Heterozygous sites 
known in advance 

• Uninformative 
fragments and columns 
are removed 

• Tri-allelic SNP columns 
are removed 

• Relabel the two alleles 
using 0/1 

 

A G A G C T A G C A T G A  

C T T T T G G T T C G C G 

0 0 0 0 - - - - - - - - - 

1 1 1 - - - - - - - - - - 

- - 0 0 1 - - - - - - - - 

- - 0 - - 0 

- - - 0 - - - - - - 1 0 - 

- - - 1 0 - - - - - - - - 

- - - - - 0 0 0 - - - - - 

- - - - - - 0 1 - 0 0 - - 

- - - - - - - 0 0 0 - - - 

- - - - - - - - - 0 0 0 - 

- - - - - - - - - - 0 0 0 

- - - - - - - - 1 - - - 1 



A G A G C T A G C A T G A  

C T T T T G G T T C G C G 

0 0 0 0 - - - - - - - - - 

1 1 1 - - - - - - - - - - 

- - 0 0 1 - - - - - - - - 

- - 0 - - 0 

- - - 0 - - - - - - 1 0 - 

- - - 1 0 - - - - - - - - 

- - - - - 0 0 0 - - - - - 

- - - - - - 0 1 - 0 0 - - 

- - - - - - - 0 0 0 - - - 

- - - - - - - - - 0 0 0 - 

- - - - - - - - - - 0 0 0 

- - - - - - - - 1 - - - 1 

• The fragments are 
aligned to the reference 
genome 

• Heterozygous sites 
known in advance 

• Uninformative 
fragments and columns 
are removed 

• Tri-allelic SNP columns 
are removed. 

• Relabel the two alleles 
using 0/1 

 



• Consider a binary string (and its complement) 

0 0 0 0 1 0 0 0 0 0 1 0 0 

1 1 1 1 0 1 1 1 1 1 0 1 1 



• The string is revealed 
to us only through a 
collection of 
substrings of the 
string, and its 
complement. 

• Given the substrings, 
can the string be 

reconstructed?   

0 0 0 0   

1 1 1   

    0 0 1      

    0 - - 0 

    1 - - - - - - 1 0 

    1 1 

          0 0 0 

          0 0 - 0 0 

              0 0 0 

                  0 1 0 

                    1 0 0 

                1 - - 1 1 



• The error free reconstruction 
is unique. 

• The problem becomes much 
harder if some of the 
substrings have errors (do not 
match the consensus) 

• Define MEC: Minimum # calls 
that need to be changed for 
each fragment to be matched 
perfectly 

• MEC reconstruction: Find the 
string that minimizes the MEC 
error. 

• MEC reconstruction is NP-hard 
even when all fragments have 
length 2! 

0 0 0 0 1 0 0 0 0 0 1 0 0 

1 1 1 1 0 1 1 1 1 1 0 1 1 

0 0 0 0   

1 1 1   

    0 0 1      

    0 - - 0 

    0 - - - - - - 1 0 

    1 0 

          0 0 0 

          0 1 - 0 0 

              0 0 0 

                  0 0 0 

                    0 0 0 

                1 - - 1 1 



• Greedily select a 
fragment that extends 
the current haplotype 

 

0 0 0 0 - - - - - - - - - 

1 1 1 1 - - - - - - - - - 

0 0 0 0 - - - - - - - - - 

1 1 1 - - - - - - - - - - 

- - 0 0 1 - - - - - - - - 

- - 0 - - 0 

- - - 0 - - - - - - 1 0 - 

- - - 1 0 - - - - - - - - 

- - - - - 0 0 0 - - - - - 

- - - - - - 0 1 - 0 0 - - 

- - - - - - - 0 0 0 - - - 

- - - - - - - - - 0 0 0 - 

- - - - - - - - - - 0 0 0 

- - - - - - - - 1 - - - 1 



• Greedily select a 
fragment that extends 
the current haplotype 

 

0 0 0 0 1 - - - - - - - - 

1 1 1 1 0 - - - - - - - - 

0 0 0 0 - - - - - - - - - 

1 1 1 - - - - - - - - - - 

- - 0 0 1 - - - - - - - - 

- - 0 - - 0 

- - - 0 - - - - - - 1 0 - 

- - - 1 0 - - - - - - - - 

- - - - - 0 0 0 - - - - - 

- - - - - - 0 1 - 0 0 - - 

- - - - - - - 0 0 0 - - - 

- - - - - - - - - 0 0 0 - 

- - - - - - - - - - 0 0 0 

- - - - - - - - 1 - - - 1 



• Greedily select a 
fragment that extends 
the current haplotype 

 

0 0 0 0 1 0 - - - - - - - 

1 1 1 1 0 1 - - - - - - - 

0 0 0 0 - - - - - - - - - 

1 1 1 - - - - - - - - - - 

- - 0 0 1 - - - - - - - - 

- - 0 - - 0 

- - - 0 - - - - - - 1 0 - 

- - - 1 0 - - - - - - - - 

- - - - - 0 0 0 - - - - - 

- - - - - - 0 1 - 0 0 - - 

- - - - - - - 0 0 0 - - - 

- - - - - - - - - 0 0 0 - 

- - - - - - - - - - 0 0 0 

- - - - - - - - 1 - - - 1 



• Some fragments will 
not match without 
error. 

• These are ‘assigned & 
corrected’ greedily 

0 0 0 0 - - - - - - - - - 

1 1 1 - - - - - - - - - - 

- - 0 0 1 - - - - - - - - 

- - 0 - - 0 

- - - 0 - - - - - - 1 0 - 

- - - 1 0 - - - - - - - - 

- - - - - 0 0 0 - - - - - 

- - - - - - 0 1 - 0 0 - - 

- - - - - - - 0 0 0 - - - 

- - - - - - - - - 0 0 0 - 

- - - - - - - - - - 0 0 0 

- - - - - - - - 1 - - - 1 

0 0 0 0 1 0 - - - - 1 0 - 

1 1 1 1 0 1 - - - - 0 1 - 



• MEC: The minimum 
number of base-calls that 
need to be flipped for an 
error free assignment 

• MEC score =  

0 0 0 0 1 0 0 0 0 0 1 0 0 

1 1 1 1 0 1 1 1 1 1 0 1 1 

0 0 0 0 - - - - - - - - - 

1 1 1 - - - - - - - - - - 

- - 0 0 1 - - - - - - - - 

- - 0 - - 0 

- - - 0 - - - - - - 1 0 - 

- - - 1 0 - - - - - - - - 

- - - - - 0 0 0 - - - - - 

- - - - - - 0 1 - 0 0 - - 

- - - - - - - 0 0 0 - - - 

- - - - - - - - - 0 0 0 - 

- - - - - - - - - - 0 0 0 

- - - - - - - - 1 - - - 1 

X 

X 

X 

X 



• The Greedy approach 
often leads to 
suboptimal solutions 

• A local flipping of the 
current haplotype 
might improve the 
MEC 

0 0 0 0 1 0 0 0 0 0 0 0 0 

1 1 1 1 0 1 1 1 1 1 1 1 1 

X 

X 

0 0 0 0 - - - - - - - - - 

1 1 1 - - - - - - - - - - 

- - 0 0 1 - - - - - - - - 

- - 0 - - 0 

- - - 0 - - - - - - 1 0 - 

- - - 1 0 - - - - - - - - 

- - - - - 0 0 0 - - - - - 

- - - - - - 0 1 - 0 0 - - 

- - - - - - - 0 0 0 - - - 

- - - - - - - - - 0 0 0 - 

- - - - - - - - - - 0 0 0 

- - - - - - - - 1 - - - 1 

X X X 



• The haplotype change also 
involves a reassignment of 
fragments. 

• Here, the MEC error 
reduced to 2. 

• This suggests a generic 
strategy 

• Start with a haplotype, and 
move to a new one if it can 
improve the MEC 

0 0 0 0 1 0 0 0 0 0 0 0 0 

1 1 1 1 0 1 1 1 1 1 1 1 1 

X 

X 

0 0 0 0 - - - - - - - - - 

1 1 1 - - - - - - - - - - 

- - 0 0 1 - - - - - - - - 

- - 0 - - 0 

- - - 0 - - - - - - 1 0 - 

- - - 1 0 - - - - - - - - 

- - - - - 0 0 0 - - - - - 

- - - - - - 0 1 - 0 0 - - 

- - - - - - - 0 0 0 - - - 

- - - - - - - - - 0 0 0 - 

- - - - - - - - - - 0 0 0 

- - - - - - - - 1 - - - 1 



• A simple neighborhood is 
defined by flipping one 
column at a time (Ex: col. 
 (11

 

• difficult to get out of local 
minima using single flips  

• “right” move cannot be 
chosen independently of  
the fragment matrix and 
the current solution  

 

 

 

0 0 0 0 1 0 0 0 0 0 0 0 0 

1 1 1 1 0 1 1 1 1 1 1 1 1 

0 0 0 0 1 0 0 0 0 0 1 0 0 

1 1 1 1 0 1 1 1 1 1 0 1 1 

S = {11} 



• MEC(H1) = 2 

• MEC(H2) = 1 

• Moving from H1 to H2 
requires changing 
multiple columns 

• Cannot be done using 
local greedy moves 

0 0 - - - - - - - - 

- 0 0 - - - - - - - 

- 1 1 - - - - - - - 

- - 0 0 - - - - - - 

- - - - 1 1 - - - - 

- - - - - 0 0 - - - 

- - - - - - 0 0 - - 

- - - - - - - 1 1 – 

- - - - - - - 0 0 - 

- - - - - - - - 0 0 

- - - 0 0 - - - - - 

- 0 - - - - - - 1 - 

- - 1 - - - - - 0 - 

 

0 0 0 0 0 0 0 0 0 0  

1 1 1 1 1 1 1 1 1 1 

 

0 0 0 0 1 1 1 1 1 1 

1 1 1 1 0 0 0 0 0 0  

H1 

H2 





• Input = heterozygous sites and 
fragments (reads with alleles at 
sites)  

 

 

• MEC(X,H) = Σ MEC(Xi,H) 

• Goal: reconstruct H = (h,h) that 
minimizes MEC score 

• NP-hard problem with exponential 
number of potential solutions 
 

A G A G C T A G C A T G A  

C T T T T G G T T C G C G 

0 0 0 0 - - - - - - - - - 

1 1 1 - - - - - - - - - - 

- - 0 0 1 - - - - - - - - 

- - 0 - - 0 

- - - 0 - - - - - - 1 1 - 

- - - 1 0 - - - - - - - - 

- - - - - 0 0 0 - - - - - 

- - - - - - 0 1 - 0 0 - - 

- - - - - - - 0 0 0 - - - 

- - - - - - - - - 0 0 0 - 

- - - - - - - - - - 0 0 0 

- - - - - - - - 1 - - - 1 

0 0 0 0 1 0 1 1 1 0 1 1 1 

1 1 1 1 0 1 0 0 0 1 0 0 0 

- 

H 

X 



• Greedy approach  

– Stuck in local optima 

• Exact (Dynamic programming) 

– complexity is exponential in # of variants per read 

• HapCUT 

– Greedy updates 

– use the graph structure of the fragment matrix to 
determine the updates 

 

 



• Each column/variant is a node in the graph 

• (x,y) is an edge if there is a fragment ‘touching’ columns x 
and y 

 

 

 

 

 

 



• w(x,y) = # fragments matching H – # fragments 
mismatching H 



• Cut ‘S’ is a bipartition of the vertices of the graph 















• Craig Venter’s genome sequenced using Sanger 
sequencing (PloS Biology 2007)  

• Chromosome 22 statistics 
– Fragment matrix  = 25K (sites) x  53K (‘useful’ fragments) 

– N50 haplotype length=350Kb 

Greedy 

 

Hapcut 



• MEC error rate measures consistency of haplotypes with 
the sequenced fragments/reads 

• Switch error rate measures absolute accuracy of 
haplotypes  

Switch error rate = 2/8 = 0.25  



• Accuracy 

– solved using computational methods 
(HapCUT) 

 

• Length of assembled haplotypes  

– Determined by sequencing technology 
and rate of heterozygosity  

 

• Variant calls  

– Accurate set of heterozygous variants 



Can we do haplotype assembly with Illumina 

sequencing? 

A read is only useful for phasing (haplotype informative) if it 

covers 2 or more heterozygous variants 

 

genome 

short reads 
Heterozygous 

variants ~ 

1500bp apart 

on average 



A read is only useful for phasing (haplotype informative) if 

it covers 2 or more heterozygous variants 

 

genome 

Heterozygous 

variants ~ 

1500bp apart 

on average 

short reads 

Haplotype 

blocks 

Illumina sequencing results in very short 

haplotype blocks 



A read is only useful for phasing (haplotype informative) if 

it covers 2 or more heterozygous variants 

 

genome 

Heterozygous 

variants ~ 

1500bp apart 

on average 

Haplotype 

blocks 

Long reads needed for haplotype assembly 



Long reads needed for haplotype assembly 
N

5
0
 l

en
g
th

 

 

• Pacific Biosciences sequencing costs $5000-10,000 per human genome 

 

• Nanopore cost is lower but high error rates (8-15%) 

 

5-30 kbp                     10-100 kbp 



Snyder et al. Nat. Gen. 2015 

Virtual long reads from short Illumina reads 

high molecular 

 weight DNA  

Amplification  

+ short read 

sequencing 

 

+ alignment 

to reference  

• long-range haplotype information maintained in short reads 

• haplotypes assembled using algorithms such as HapCUT 

 



Hi-C sequencing generates read-pairs that link 

distal DNA fragments 

S. Selvaraj et al. Nature Biotech. 2013 

Vast majority of read-pairs 

correspond to ‘cis’ interactions 

(same haplotype)  



Haplotype assembly using Hi-C 

• Average error rate of 2-3% due to trans-interactions 

• HapCUT is well-suited for this data  

• Chromosomal-spanning haplotypes can be assembled from 18x whole-
genome Hi-C data (NA12878) with 98% accuracy 

 0…...0……..1..1……….0……...0…….0………….1…………..1…?………0 

 1…...1……..0..0……….1……...1…….1………….0…………..0…?………1 

01 heterozygous variants 

00 

10 
11 00 00 

10 00 

00 00 

11 
01 11 

trans reads 



A G A G C T A G C A T G A  

C T T T T G G T T C G C G 

0 0 0 0 - - - - - - - - - 

1 1 1 - - - - - - - - - - 

- - 0 0 1 - - - - - - - - 

- - 0 - - 0 

- - - 0 - - - - - - 1 1 - 

- - - 1 0 - - - - - - - - 

- - - - - 0 0 0 - - - - - 

- - - - - - 0 1 - 0 0 - - 

- - - - - - - 0 0 0 - - - 

- - - - - - - - - 0 0 0 - 

- - - - - - - - - - 0 0 0 

- - - - - - - - 1 - - - 1 

0 0 0 0 1 0 1 1 1 0 1 1 1 

1 1 1 1 0 1 0 0 0 1 0 0 0 

h1 
h2 

• Probability of error (qij) estimated from 
sequencing quality values 

• Unknown variable  H = (h1, h2) 

 

• P(X5 | h1, q) = (1-.01) (1-.02)(1-.1) = 
0.89 

 

• P(X5 | h2, q) = (.01) (.02)(.1) = 0.00002 

 

• P(X5 | H=(h1, h2), q) = 
(0.89+0.00002)/2  = 0.445 

 

X 

0.01                                 0.02  0.1 



• We can compute the likelihood of X 
(fragment matrix)  given H, q 

 

 

 

 

• The goal is to find H that maximizes 
likelihood (instead of minimizing 
MEC score)    

Pr(X | H,q) = Pr(X i

i

Õ | H,q)

A G A G C T A G C A T G A  

C T T T T G G T T C G C G 

0 0 0 0 - - - - - - - - - 

1 1 1 - - - - - - - - - - 

- - 0 0 1 - - - - - - - - 

- - 0 - - 0 

- - - 0 - - - - - - 1 1 - 

- - - 1 0 - - - - - - - - 

- - - - - 0 0 0 - - - - - 

- - - - - - 0 1 - 0 0 - - 

- - - - - - - 0 0 0 - - - 

- - - - - - - - - 0 0 0 - 

- - - - - - - - - - 0 0 0 

- - - - - - - - 1 - - - 1 

0 0 0 0 1 0 1 1 1 0 1 1 1 

1 1 1 1 0 1 0 0 0 1 0 0 0 

h1 
h2 

X 



• Low switch error rate (< 0.1%) for human genomes using PacBio 
reads with 8-11% error rate  

• Need variants called using Illumina sequencing as input for 
phasing 



• For PacBio, local alignments 

are highly unreliable, and 

quality values are not 

meaningful  

• Variant calling methods 

developed for Illumina 

sequencing have low 

accuracy 



• Three heterozygous sites covered 

by 7 reads 

 

• Likelihood calculation 

• p(X| H1, q=0.1) = 2.6 x 10-5 

 

• p(X| H2, q=0.1) = 2.6 x 10-5 

 

 

 

 

H1 

H2 

- - 0 0 0 – -  

- - 0 1 0 – - 

- - 0 0 0 – - 

- - 0 0 0 - - 

- - 1 0 1 – - 

- - 1 1 1 – - 

- - 1 0 1 - - 

 

- - 0 0 0 - - 

- - 1 1 1 - - 

 

- - 0 1 0 - - 

- - 1 0 1 - -  

 

A/T G/C T/C 



• Three heterozygous sites covered 

by 7 reads 

 

• Likelihood calculation 

• p(X| H1, q=0.1) = 2.6 x 10-5 

 

• p(X| H2, q=0.1) = 2.6 x 10-5 

 

• p(X| H3, q=0.1) = 1.7 x 10-3 

 

 

 

 

H1 

H2 

H3 

- - 0 0 0 – -  

- - 0 1 0 – - 

- - 0 0 0 – - 

- - 0 0 0 - - 

- - 1 0 1 – - 

- - 1 1 1 – - 

- - 1 0 1 - - 

 

- - 0 0 0 - - 

- - 1 1 1 - - 

 

- - 0 1 0 - - 

- - 1 0 1 - -  

 

- - 0 0 0 - - 

- - 1 0 1 - - 

A/T G/C T/C 



A G A G C T A G C A T G A  

C T T T T G G T T C G C G 

0 0 0 0 - - - - - - - - - 

1 1 1 - - - - - - - - - - 

- - 0 0 1 - - - - - - - - 

- - 0 - - 0 

- - - 0 - - - - - - 1 1 - 

- - - 1 0 - - - - - - - - 

- - - - - 0 0 0 - - - - - 

- - - - - - 0 1 - 0 0 - - 

- - - - - - - 0 0 0 - - - 

- - - - - - - - - 0 0 0 - 

- - - - - - - - - - 0 0 0 

- - - - - - - - 1 - - - 1 

0 0 0 0 1 0 1 1 0 0 1 1 1 

1 1 1 0 0 1 0 0 1 0 0 0 0 

h1 
h2 

• constrained version of haplotype 

assembly  

• h1[i] + h2 [i] = 1 

 

• Generalized version: sites can be 

homozygous (0 or 1 for both 

alleles)  

 

• More difficult to solve (space of 

haplotypes increased) 

 

 

 



• Achieves high accuracy (precision = 0.997 and recall=0.97) for SNV 

calling using Pacific Biosciences reads (Nat. Comm. 2019) 

 

1. Identify candidate set of variants (V) 

using local alignment information  

2. Generate fragment matrix for V using 

aligned reads and assign genotypes 

3. Repeat  

I. Assemble haplotypes using 

HapCUT2 for heterozygous variants  

 

II. Update genotype for each variant 

conditional on genotypes for other 

variants 

 


